HONOURS GENERAL RELATIVITY 2020
Assignment 3
Due date: 13th November 2020 (hand in or email before midnight)
Number of problems: 6 (7 for maths students)

Problem 1

Let S be a generally invariant functional:

S = / d*zv/—g{scalar}

of the spacetime metric g,, and (possibly) matter fields. Consider metric variations dg"”
and infinitesimal general coordinate transformations z — ' = z + £(z).

(a) Show that d¢g" and & are (2,0) and (1,0) tensor fields, respectively.
(b) Show that (—g)~1/255/6g"" defines a (0,2) tensor.
(c) Consider the special class of metric variations induced by an infinitesimal coordinate

transformation. Use the explicit metric connection { } to deduce the relation:

(6
b
(;g,uu = _(Vp,gu + vl/fu) (1)

(d) Show that the general invariance of S implies:

v (o) <o @)

Problem 2
On the surface of a two-sphere S2 of radius a, we have:

ds® = a*(d6? + sin® 0d¢?) (3)
Consider the vector /Yo =€y at 0 = 0y, ¢ = 0. The vector is parallel transported all the way
around the latitude circle @ = 0y (i.e. over the range 0 < ¢ < 27 at 6 = 6p). What is the

resulting vector A? What is its magnitude?
Hint: Derive differential equations for A? and A® as functions of ¢.

Problem 3

Show that the geodesic equation can be written in the following form:

dus  10gp, g ~
— 4
ds 2 Oz« i 0 )

Problem 4

(a) The curved surface of a cylinder can be regarded as a rectangle that has two opposite
sides identified with each other, as shown below. The transformation in Figure 1 is
a local isometry between the cylinder and the Euclidean plane, and therefore takes
geodesics on the cylinder to geodesics on the plane (i.e. straight lines).



oA

eB

Figure 1: A cylinder cut along its surface and unrolled into a rectangle. The red sides of
the rectangle are to be regarded as the same line.

(i) Draw two geodesics connecting points A and B in Figure 1.

(if) Sketch your geodesics on the normal (i.e. “rolled up”) cylinder.

(b) Similarly, a local isometry between a cone (not including the vertex) and the plane
is shown in Figure 2. This case is of physical relevance: hypothetical objects known
as cosmic strings alter the geometry of the cross-sections of space transverse to them
into the geometry of a cone, with the string at the vertex. Surprisingly, under general
relativity a straight cosmic string would not attract static objects gravitationally (the
attraction from its mass is exactly cancelled by the repulsion from its tension), but it
would still be detectable from the gravitational lensing around it.

(i) Suppose there were a cosmic string that gives rise to the geometry shown in
Figure 2. Indicate on the planar cone in Figure 2 the regions of space where you
would see only one image of a distant galaxy in this plane, and where you would
see multiple images of the galaxy. Remember light rays follow geodesics. Hint:
without loss of generality, take the distant galaxy to be on the red line.

(ii) If the geometry were instead as in Figure 3, how many images of the galaxy would
you see if you were at point X? Hint: “glue” multiple copies of the cone together,
using the fact that the red lines represent the same points. Straight lines that
cross multiple copies of the cone are still geodesics.

Figure 2: A cone cut along its surface and flattened into a planar shape. The red sides of
the shape are to be regarded as the same line.

Galaxy

Galaxy /Kje =4n/3

Figure 3: A planar representation of a cone with a deficit angle § = 47 /3, containing a single
galaxy.



Problem 5

In lectures, we explored the trajectories of massive particles in the Schwarzschild geom-
etry. Now imagine that we have a photon orbiting a spherical massive body where the
Schwarzschild solution applies. Assume, for convenience, that the orbit lies in the plane

0=m/2.

(a) Starting from the geodesic equations, show that we can write:

1 (dr\®  J? 2GM
2 L _
B = c? (d)\) + c2r2 (1 cr ) (5)

where I and J are constants of the motion and X is an affine parameter.

(b) Show that there is only one possible circular orbit for a photon, with radius r =
3GM/c2.

(¢) Show whether the orbit obtained in part (b) is stable or unstable.

(d) For an observer at a radius of » = 3GM/c?, what is the proper time required for the
photon to complete one revolution of the circular orbit?

(e) What is the orbital period measured by a distant observer?

Problem 6

Assume (and don’t try to prove) that the invariant interval for every two-dimensional space-
time can be expressed in conformal coordinates:

ds* = €*?(dz* — dt?) where ¢ = ¢(x,1) (6)

Calculate the Riemann curvature tensor component Ry, and write out the 2-dimensional
Einstein vacuum equations R;; = 0. What is their general solution?

Problem 7

Only do this question if you are a maths student outside of the physics honours stream. You
have been warned!

(a) Show that, in two spacetime dimensions (D = 1+1), the LHS of the Einstein equation:

1
R, — ig,wR = 8nGT,,

vanishes identically. Don’t assume Equation (6).

Hint: You will need to look up the 2D form of the Riemann tensor.

(b) Is general relativity possible in a world with D =1+ 17
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Problem 1

part a

The equation (z#)" = (2*)+¢(z*) maps from a position within one reference,
)z*), to a position infinitely close to that position, (z*). Consider this same
mapping, (z#) — (x*), from the perspective of an observer in an alternate
frame of reference. This observer sees the positions in the original frame
Lorenz transformed so (z#) — (2*), (z*) — (2*'). Note the use of the
prime marker to label both frame and coordinate changes, dependent upon
its position. The original coordinate deformation is then

() = (") + € (x)

where € is the infinitesimal position update quantity which follows a yet
unknown transformation law. Expressing the lorentz property of the new
coordinate variables gives

( oz . ox#
o+

Rearranging gives

ox#
oxH

(@) = (")) = €(x)



oz

oo (e(a) = ()

And so €(z) obeys the transformation law of a rank 1, (1,0) tensor.

Proceed for the metric case in the same manner by considering an infinitesi-
mal shift in an unprimed frame

(g") = g"" +dg™

and a primed frame

(g'u‘/l/)/ _ g'u‘ly/ T 59#/1/
Expressing the metric transformation property explicitly gives

31‘“ ax’/ al’u 3:6” I
el AV w1 i14%
oxt Oxv' (9") Oxt OV’ (9") + 99

a0
oxH Oxv'

al"u ax” v '
o g 09 =09

So we see dg" obeys the required law of a rank 2, (2,0) tensor.

((g") = g") = 6"

part b

In lectures we showed that metric variation of \/—¢g obeys the relation

-1
5\/__ = 7 \/__gg,uuéglw

Indeed, such an identity is required to preserve the general invariance of S.
From this identity it follows that varying the action provided with respect to
g™ has the effect

-1
0S = 7/cl“gm/—g(scala?")(\/ _ggw)(sgw
Which leads to



(V=9)#85 = 5 [ dey=glscalar)(V=ggu) (V=) 7 55"

(V=9 785 = 5 [ dey=glscalar)(g,)60"

oS
ogHv

V=) s = [ devilsealar)(gu)

Thus (—g)~'/26S6g" obeys the same transformation law as guv - that of a
rank 2, (0,2) tensor.

part c

Consider expanding the V explicitly in the expression for V,¢,. This provides

C
Vaer = Ouep — I €0

1
= Oa€p — igcal(aagbd + Oy9da — OdGab)€c
Taking the sum of V¢, and Ve, then gives

1 1
Vaeer+Vie, = aa€b+ab€a_5ng(aagbd+abgda_adgab)€c_5ng(abgad+aagdb_adgba>€c

The metric has the property that g, = —gp.. If we make use of this rela-
tion we notice all terms provided by the connection are the negatives of one
another. Thus, removing these canceling terms provides

Vaeb + Viea = Oqu€p + Opey

Which, making the identification that the metric provides the variation of
coordinates with respect to all other coordinates in the current frame, we
may make the identification

Gab = _(aaxb + 8171'@)

Considering the infinitesimal case



5gab = _(aaeb + abea)
And so

(59,11, = —(VQE(, -+ Vbea)
As required.

part d

The action, S, is invariant under a change of frame. As shown in part C,
the quantity dg,, may be expressed as derivatives of infinitesimal coordinate
deformations. As S is invariant under such deformations, the quantity

0S
O

vanishes. Thus we have

_1y2 05 _ -1/20) _
\7 ((—g) /E)—Vu(<—g> 20) = 0

As required.

Problem II

The tensor equation for parallel transport is

U, Vv,

In our two dimensional spacetime this may be written as two equations

(UoV° + U, VYV =0

UV + U, VHV =0

The quantity U represents variation of the spacetime coordinates along our
path. We are given that 6 is held constant, implying the only coordinate
change occurs in the variable ¢. As such it makes sense to parametrise our
spacetime path using the variable ¢. Resulting from this

7



do
- — =
— —
= L =

Parallel transport is therefore specified by the conditions

Uy 0

U, 1

ViV =0
ViV =0
Expanding the covariant derivative

d
dé
d 1 2

d_¢‘/2 =TV +15%V,

Using the provided line element and the unitary condition of the multiplica-
tion of two metrics we deduce the tensor elements

Vi= Fél‘/l + F%l‘/Q

_|a? 0
I =10 a?sin20
o a=? 0
9710 a2(sinf)

We may use the explicit relation for the connection coefficients in unison with
the metric identities to write

1
Iy = igad(abgdc + OcGva — Oagne)

Making use of the fact all off diagonal elements of the metric vanish to sim-
plify our algebra, we have

1
Py = Ea_2(6¢a2)
1
rs, = §a’2(sin 0) "1 (0pa” sin’ 0)

1
= é(sin ) (2sin 6 cos 6)



cos

sin 6
= (tanf) !

1
Iy, = §a_2(—69a2 sin? )

1
=-3 (a?2sin @ cos 0)

= —(sinf cos0)

1 . _
Iz, = §a_2(sm 0) (Dpg22 + Oy g2z — D5922)
=0

We have now arrived at two differential equations describing how a tensor V'
changes during the process of parallel transport. In full, these equations are

0yV1 = (tan 8)~'V;

0pVa = —(sinf cos H)Vy

To solve for V| first take second derivatives

0? 1
87452‘/1 = (tanﬁ)_ 8¢‘/2
= —CF)SQ sin 6 cos V5
sin 0
= (cos 0)*V,

By inspection we see a solution to this equation is

‘/1 _ AeXpi(COSO)(j) +B expfi(COSO)(b

Repeating the derivation for the second parallel transport equation recovers

‘/2 _ CeXpi(cos 0)¢p +D eXp—i(COSG)¢



Due to the coupling of our equations, the model parameters are reduced by
2 as

8¢V1 = —(tan 9)_1‘/2

cos 0 (C eXpi(cos 0)¢p +D epri(cos 6’)(1))

COS G(A eXpi(COSB)¢ - B epri(cosé’)qﬁ) =
sin ¢
(singA exp' 9% _ gin B exp (¢ 9)¢) = (C exp’©s9¢ LD exp_i(wse)‘b)
Equating coefficients reveals
C = (sinf)A
D = —(sinf)B
Which allows us to write

Vy = (sin 0) A exp 9% _ (sin 6) B exp =09

As a check for consistency observe our original differential equations coupling
the elements of V' are obeyed by the above identities. The initial conditions
we are provided are ¢; = 0 and §; = 6. Substitution into our vector identities
leads to

V; = 0= Asinfy — Bcosb,

Simultaneous solutions of the above provide

)
A=B=2
2
The imposed constraints lead our particular solutions to be
Vi = @ expi(wse)(ﬁ _’_@ exp—i(cose)¢
2 2

0 , 0 ‘
Va2 = (sin 9)50 exp’“*?¢ —(sin 9)50 exp (s
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Equivalently using trigonometric identities

Vi = % sin((cos 0)¢) + % cos((cos 8)¢)

Vy = (sin 9)% sin((cos 0)¢) — (sin 9)% cos((cos 0)9)

After transporting the vector from ¢ = 0 to ¢ = 27 the value of V is given
by the above equations with # = 6, and ¢ = 27. The length is given by

V, Ve =V, VP
Which, in matrix notation, is equivalent to
VIV = a®Vi + a®sin® OV
Substituting our identities for V; and V5 provides

62 62
Zoa2(32 + % + 2sc) + Zoa2 sin 0y (s? 4 ¢ — 2sc)
Where we have made the helpful substitution

s = sin(cos(6y) )

¢ = cos(cos(bp) )
Continuing the expansion provides

0 2 96 42 gint g, (1 —
1@ (14 2sc) + 4 @ sin 0o(1 — 2sc)

92
= Zocﬂ(l + 2sc + sin* fy — 2scsin® 6p)

Replacing our adopted shorthand with their original forms and specifying
¢ = 27 gives the final result

92
= ZOaQ(l + 2sin(cos(fy)27) cos(cos(6y)27) + sin? 6,

—2sin(cos(6y)2m) cos(cos(0)27) sin )
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The process of parallel transport acts to move a tensor along a space-time
manifold whilst keeping its original length intact. This is achieved by com-
pensating for the coordinate deformation with the metric connection. By
this logic, the length derived above should be equal to the original length.
As this is not so, there must be an error somewhere in the derivation.

Problem III1

The geodesic equation is

Lot | dot do?

dr? B dr dr
Expressing the Christoffel symbol explicitly in the Geodesic equation, assum-
ing an affine parametrisation of space-time curves, gives

>zt 1 dz® dz®
—g" aa a 0 aa aa o =0
5 T 59 (9agpa + 939 gﬁ)d I
Continuing the expansion and making use of the relation ;2.4 = % gives

ox€ dr

ddz* 1 0 de? 1 0 dz® 1 0 dx® dxP

na na pa

ardr T30 o T30 ore T T2 a0 ar dr
Premultiplying by g¢s, provides

a a a

&L 5 -
dr dr +2 or gﬂa +2 or gaa dr 2 58:C“gaﬂd7 dr

ddzt 1 52 0 dz® 1.0 de® 1_ 0 dz® dxP?

ddz* 10 dz? 10 drz® 1 0 dz® dxP

Tardr 207 ar T 207" ar T 2009 ar dr
Identifying the four velocity as E(ZC_: = %ua gives
d 10 Ba+1(8 d:vﬁ 0 dxa)
- Uq — apU o
dr' " 29209 2 9r9 g T ar9% g
The symmetric property of the metric tensor provides gog = —gg s0 we have
du, 1 0

@~ agder =0

Which is the result we desire.
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Problem IV

Part (a)

i

e B

13



ii

14



Part (b)

i

A galaxy laying along the lines marking the incision of the circle (lines L1
and L2 in the provided schematic) will emit light rays in all directions. For
the galaxy on line L1, this image will be visible in the region I; = AU B.
Similarly the same effect occurs for the galaxy when taken to be on line L2.

In this case the image is visible in section Iy = AU C'. The region providing
multiple images is then the intersection of regions I; and I

LHNlb=A

ii

In this geometry, the position of the galaxies means that geodesics drawn
from them will reach every point on the planar surface. As a result, there
are 3 images of the galaxy visible at point X, as labeled on the provided
diagram. Images incident to points Y and Z arrive at equivalent angles to
those at position X and as such are taken to be the same image and not
additional images.

15



Problem V

The first integral of the Geodesic equation is

guditdi’ = L

For a photon, this must correspond to a light-like world line, thus

L=0

Identifying L as the lagrangin and writing explicitly for a schwarzchild ge-
ometry gives

-1
L =¢? (1—2—”> 2 — (1—2—“> 72— r? (9’2+sm29¢2) =0
T T

Assuming the particle to be confined to the 6 = 7 plane

20\ 20\ " :
L:c2(1——“>t2—(1——“> P2 p2g? =0
T T

We know (from lectures) that two solutions of the geodesic equation for a
general worldline in a schwarzchild geometry are

2 .
(1——“)t:k
T
r%zh

Simplifying our lagrangian to

16



-1 -1 2
L=¢ 1—2—” k? — 1—2—“ 7‘=2—h—:0
r r 72

Rearranging for k% gives

Noting the use of the relation u = (i—{y Further, we may write

1 (dr\*> h? 2GM
== — — | 1=
c? (d)\) * cr? ( c2r >
Using the identity (g—; = 7 for a suitable affine parameter A\. We then

identify k? = E? and h? = J? as the constants of motion referenced in the
assignment sheet.

b
Begin with h = 726 to write
drdrdg  hdr
d\  dpd\  r2de
Now substitute into our energy equation found in (a) to achieve
hdr\?> h®  2uh?
2k'2 — B o
¢ r2d¢ * 72 73

Now, allow the mapping % — u which provides

dr\ 2
Ak = (hu2£> + h*u? — 2uh*u®
Making use of
dr d (1 _ydu
- = — = —U R
dp  do \u do
we may write
27.2 2 (du ’ 2,2 2,3
c’k*=nh d_gb + h*u” — 2phu

17



Differentiating with respect to ¢ and dividing by h? gives
d*u
0=— +u—3uu?
dg? s
Considering circular orbits, we know that u = % does not change thus all
derivatives of u vanish which leads us to

u = 3pu’
Which has one non-trivial solution

—=r=3u
u

Identifying p = (i—QM gives our desired result

_ 3GM

c2

r

part c

The Newtonian energy equation for a photon in an orbit is

1 /dr\”
E=§(%> + Vers(r)

Comparing this with our energy equation derived in (a) we can identify %k262
as the energy and the effective potential as being

Vess(r) = % <%)2 - (%)2§

Stable and unstable orbits correspond to extrema of the effective potential.
We may find such points by considering derivatives with respect to the co-
ordinate r

dve
v ZZ«(T) — 3Rt — p2p

Setting this to zero for the case of extrema and solving provides

3,u7“’4 —r3=0

18



3u—r=20

_3GM

2

r
C

So we see there is only one extremum. Note that this matches the result
found in part (a) which provides confidence we are on the right path.

Taking a second derivative to assess stability gives

d
e (,ur_4 — 7“_3) =0
—12pr 7 +3r 7t =0

Multiplying through by r and solving gives

r=4u
This is the turning point of the second derivative. If r is greater than this
value then the second derivative will be positive, corresponding to a stable
orbit. In our case we have
Tcircle = 2,“
Tturn = 4/15
Thus

Tcirce < Tturn

And the orbit is unstable.

part d

Consider using the product rule

dp  (d\dg

dt — \ dt d\
Where A is the affine parameter used thus far. Using the general solutions of
the Schwarzchild Geodesic equations provided previously, we then have

19



@ = (1 — 2_/“L) kflﬁ
dt

Now consider another previously derived result

*k? du\” 9 3
e = (@) +u® — 3pu
Fixing u to be constant gives
2 k?

In terms of r

G 1(
h2 2 r

And so the ration }—Ij is given by

k13
h  er r

Combining this with our orbital period equation produces the relation

@: (1_2_/”L> ]{;—12

dt r 72
2u\ 1 3u\ 7
-(1-3) 2 (%)
c (1-%)
- 1
T )

For an observer at a position of ry = 3u we may substitute ry into the above
expression to find the observed orbital period. In doing so we have the result
do
— — 00
dt

Which implies one orbit is completed instantaneously. This seems problem-
atic yet such results are often unintuitive in GR.

20



part e

Continuing our working in part d, we may find the orbital velocity of an
observer positioned infinitely far from the mass by considering our equation
in the regime r — o0o. In doing so we have the result

do
% 0
a

Which corresponds to an infinitely long orbital period. This also appears to
imply the photon is observed to have an angular velocity of 0 which again
seems problematic, but by the above reasoning, may be a counter intuitive
occurrence caused by GR.

Problem VI

The definition of the Riemann tensor provides

1
Rtxt:c = §(axatgxt - aa:axgtt + ataxgta: - atatg:c:r;> - gef(rettrfxx - Fetxrfxt)
To find the value of the metric tensor recall the relation

ds® = dr"dx" g,,

Which, in our case, is given by

2?dx? — 20 dt?

e 0
I =10 —e2

The partial derivative term of the Riemann curvature tensor is then

Providing a metric

S0, (~¢) — 0 (e*)

= (020 + 2(0,0)* — 2(09)* — 0

The connection coefficients we require are

21



1
1_‘abc - §(abgac + acgba - aagbc)

Which in our two dimensional spacetime are

1
sz:v = §(axg:ca:) = ¢x62¢
1 2%
Fx:tt = E(at.gz‘x) = ¢t€
thaz = §(atgmc) = ¢te
Ft:m: - 5(—@919:) = _¢x€
Noticing the metric tensor property g,x = —g;t allows us to multiply the

above expressions by -1, while interchanging x and ¢, to obtain the alternate
coordinate connection coefficients

Ly = —¢t€2¢
Ly = _¢m€2¢
Liar = _¢w62¢
Lo = ¢x€2¢

Recalling the product of two metrics must recover the identity matrix, we
have the identity for the contravariant metric

ef _ 672(Zﬁ O
g- = 0 _e—2¢5

So the connection term of the curvature tensor is then

g:ca; (Fxtt Fx:c:r: - F:ctx Fx:ct ) +gxt (Fxttrtmﬁ - Fxt:c Fxt) +gtx (Fttt Fx:ca: - Fttxrxxt ) +gtt (Fttt Ft:ca; - Fttxrtxt)

22



= gII(FxttFx:L‘x - Fxtxrxa:t) + gtt(Ftttthx - Fttxrtxt)

= e’zd’((ﬁx@w(ﬁxew — ¢t€2¢¢t€2¢> - 67%(@6%@6% - ¢x€2¢¢w€2¢)

20 12 2
2e (¢x - ¢t)
We can now combine all our working to arrive at a single expression for the
Riemann curvature tensor in our two dimensional spacetime.

Rigta = €0 [02¢ — 0} + 2(0:0) — 2(0:0)” + 2(0,0)* — 2(0,9)°]

= ¢* [0} — 0}¢]

The Einstein field equations in a vacuum are given by the condition R,, = 0.
This tensor may alternatively be written as

Rab = gceReabc - _gceRaebc

This gives us 4 possible elements. The first four quantities we will need to
evaluate these elements are

thﬂcta Rttmtv Rl‘ttty Rtttt7

The final 3 quantities are zero by the symmetry properties of the Riemann
tensor as

Rtttt = _Rtttt
Rmttt = _thtt

Rttxt = _Rttzt

We also need expressions for

Rtxtacy Racactxa Rtaca:am Rxwxwa
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Again, the final three of which are zero by symmetry. Consider using the
curvature tensor property

Rabcd - _Rabdca Rabcd - _Rbacd

twice in succession which gives

Rabcd = Rbadc
and thus

thtz - thzt

These results show the only non-trivial equation we must consider involves
our previously calculated Riemann tensor element. This equation, in a vac-
uum, is

Rmx = gttRmtxt = _62¢€2¢ [azd) - az?(ﬂ =0
&k = 0}¢
By inspection, the general solution to this equation is

gb: Aek(:ert) +B€fk(m+t)

where the constant k£ may very well be complex. Indeed, if it is, the result is
far more well behaved.
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